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Abstract
Let P=P1 be a hereditary class of intersection graphs. For m>2 denote by Pm the extension
of P by admitting up to m copies for any subset (corresponding to a vertex of a graph). Clearly,
PmPm+1 for all m>1. Put P=SPm over all m>1. We introduce a method for constructing
forbidden induced subgraphs (FIS) for Pm (m>2) and P provided that the FIS characterization
for P1 is known. We apply the method to line graphs of multigraphs with=without bounded edge
multiplicities. c© 2000 Elsevier Science B.V. All rights reserved.
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Let F be a nite family of subsets of a set S. As usual, 
(F) denotes the intersection
graph of F . Denote by exp(S) the set of all subsets of a set S. Let  be the set of all
nite subsets F  exp(S). A predicate P :! f0; 1g is called hereditary if P(F) = 1
for some F 2  implies P(F 0) = 1 for any F 0F .
We also denote by P, the class f
(F): P(F)=1g of intersection graphs correspond-
ing to the predicate P . The class P is hereditary, i.e. P contains all induced subgraphs
of any graph G 2 P.
For a multi-set F we reduce every class of equal elements to one and the resulting
set is denoted by [F]. Put
P = f
(F): F is a multi-set; [F] 2 ; and P([F]) = 1g;
and Pm = f
(F): multiplicities of in F are at most m; [F] 2 ; and P([F]) = 1g:
The classes P and Pm are hereditary and
P = P1P2   Pm : : : ;
P =
1[
m=1
Pm:
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Note that Pm is the set of all graphs which can be obtained from a graph G in P
by replacing each vertex v 2 V (G) by a clique of 16m(v)6m vertices.
It is well known that every hereditary class P can be characterized in terms of
forbidden induced subgraphs, i.e. there exists a set Z of graphs such that P coincides
with
FIS(Z) = fG: H 62 Z for every induced subgraph H of Gg:
The following problems arise naturally: for a given set Z of forbidden induced
subgraphs characterizing a hereditary class P and an integer m>2, nd sets Z(m) and
Z such that
Pm = FIS (Z(m)) and P = FIS(Z):
To solve these problems we introduce some graph{theoretic operations.
Vertices u and v are called duplicated if N (u)[fug=N (v)[fvg. Clearly, the binary
relation ‘to be duplicated’ is an equivalence relation on the vertex set of a graph. Let
A1; A2; : : : ; Ad be the equivalence classes of duplicated vertices in a graph H , and let
ai = jAij.
We add (ai−1)(m−1) new vertices to every class Ai and denote the resulting graph
by Hm. Clearly, Hm also has d equivalence classes A01; A
0
2; : : : ; A
0
d, and the cardinality
of the ith class will be
ai + (ai − 1)(m− 1) = (ai − 1)m+ 1:
Put Zm = fHm: H 2 Zg for any set Z .
Denote by G(X ) the subgraph of G induced by X V (G). A graph G is a minimal
compactication of a graph H if there exists X V (G) such that the following holds:
(i) G(X ) is isomorphic to H ;
(ii) there is no Y with X Y V (G) such that the partitions of G and G(Y ) into
equivalence classes induce the same partition of X .
In other words, G is a minimal compactication of H if it is obtained from H by
adding extra vertices, each of which ‘splits’ vertices of H that would otherwise be
equivalent.
Denote by Hc the set of all minimal compactications of a graph H .
For example, let H be a complete graph K3 of the order 3 and V (K3) = fu; v; wg.
All minimal compactications of H (up to isomorphism) are H and
(1) H with a vertex x 62 V (H) and extra edge set either fuxg or fux; vxg (two
variants);
(2) H with vertices x; y 62 V (H) and extra edge set either fux; vyg, or fux; vx; vyg,
or fux; vx; vy; wyg (six variants depending on adjacency vertices x and y; two of them
are isomorphic).
The set Hc is shown in Fig. 1(a).
The following procedure gives a nite set M =M (H) which contains Hc for a xed
graph H . Let X = V (H).
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Fig. 1. (a) The set Hc for H = K3. (b) The set Zc2 for Z = fK3g.
Step 1: Put L= fHg and M = ;.
Step 2: If L = ; then STOP. Otherwise, choose a graph G 2 L, put L = L n fGg;
M =M [ fGg and go to STEP 3.
Step 3: For every two vertices u; v 2 X V (G) which are duplicated in G proceed
as follows:
add a vertex w 62 V (G) to G;
construct the set hG;wi of all possible graphs G0 with
V (G0) = V (G) [ fwg
and
E(G0) = E(G) [ fuwg [ E;
where
Efzw: z 2 V (G) n fu; vgg; and go to STEP 4:
Step 4: Put L= L [ hG;wi and go to STEP 2.
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Let 6 be the following partial order on the set of all graphs: H6G if and only if
H is an induced subgraph of G.
We put Hcm =
S
G2Hc G
m. For a set Z; Zcm =
S
H2Z H
c
m. Finally, Z
cm is the set of the
minimal elements of Zcm with respect to the partial order 6.
As an example, we construct Zc2 for Z = fK3g (Fig. 1(b)).
Theorem 1. If P = FIS(Z) and m>2 then Pm = FIS(Zcm).
Proof. First, we show that no graph H 2 Zcm is in Pm. Let H 2 Zcm. By the denition
of Zcm, H = Hm1 , where H1 2 Hc2 and H2 2 Z . Suppose, for a contradiction, that
H = 
(F) for some family F with multiplicities of subsets in F at most m and
P([F]) = 1.
Denote by A1; A2; : : : ; Ad (respectively, A01; A
0
2; : : : ; A
0
d) the equivalence classes of H
(respectively, H1). From the denition of Hm1 , it follows that H and H1 have the same
number of equivalence classes.
Let ai=jAij and a0i=jA0i j for i=1; 2; : : : ; d. By the denition of Hm1 , ai=(a0i−1)m+1.
Since the multiplicity of every subset in F is at most m, the number of pairwise distinct
subsets corresponding to vertices from Ai is at least
djAij=me= da0i − 1 + 1=me= a0i :
So we can reduce every class Ai to a0i vertices corresponding to dierent subsetes
in F . Besides, it is obvious that subsets in F corresponding to vertices from dierent
classes of H are also dierent. Hence H1 can be represented as the intersection graph
of some subfamily F1F of pairwise distinct subsets, i.e. H1=
(F1). From H1 2 Hc2 ,
it follows that H26H1. Then H2 = 
(F2) for some family F2F1. We arrive at a
contradiction: H2 2 P = FIS(Z) (since H2 = 
(F2)) and H2 2 Z .
We have proved that no graph in Zcm is in Pm. So PmFIS(Zcm).
Now we prove the reverse inclusion: FIS(Zcm)Pm. Consider an arbitrary graph
G 2 FIS(Zcm). From this point we use the notation A1; A2; : : : ; Ad, ai = jAij, for the
equivalence classes of G. Remove from each Ai all of the vertices except for a0i=dai=me.
Denote the resulting graph by G0. Since a0i>1, the equivalence classes A
0
1; A
0
2; : : : ; A
0
d
of G0 are in 1-1 correspondence with the equivalence classes of G.
If G0 = 
(F 0) with F 0 2  and P(F 0) = 1, then we construct a family F by
adding m − 1 multiple subsets for every subset in F 0. It is clear that G1 = 
(F)
is obtained from G0 by adding (m − 1)a0i new vertices to each equivalence class A0i .
So the cardinality of the ith equivalence class of G1 will equal ma0i = mdai=me>ai.
In particular, it follows that G1 contains an induced subgraph G. Hence GPm, as
required.
It remains to consider the case when G0 is not the intersection graph of any family
F 0 with F 0 2  and P(F 0)=1. Since P=FIS(Z), G0 has a forbidden induced subgraph
H 0 2 Z . Let us x H 0 in G0. We will show that G has an induced subgraph H 2 Zcm,
which contradicts the condition G 2 FIS(Zcm).
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Let G00 be a minimal induced subgraph of G0 with the property that V (H 0)V (G00)
and the partitions of G00 and G0 induce the same partition of V (H 0). By the denition,
G00 is a minimal compactication of H 0. It follows from H 0 2 Z that G00 2 Zc.
Let A001 ; A
00; : : : ; A00e be the equivalence classes of G
00. By minimality of G00, for every
vertex in V (G00)nV (H 0) there are at least two vertices which are duplicated in H 0, but
they are not duplicated in G00. This implies that either A00i \ V (H 0) = ; or A00i V (H 0)
for each i 2 f1; 2; : : : ; eg. If A00i \V (H 0)=; then jA00i j=1 (otherwise, G00 is not minimal).
If A00i V (H 0) then A00i A0j for some j=1; 2; : : : ; d. So every equivalence class A00i of
G00 is a subset of some equivalence class A0j of G
0. Clearly, if A00i \ A0j 6= ; and k 6= i
then A00k \ A0j = ;. Hence, we may assume that A00i A0i for every i = 1; 2; : : : ; e.
Thus, we have constructed a minimal compactication G00 of H 0 such that every
equivalence class A00i of G
00 is in some equivalence class A0i of G
0. So a00i = jA00i j6jA0i j=
a0i=dai=me. Construct now a graph H=(G00)m by extending every equivalence class A00i
to the cardinality (a00i −1)m+16(dai=me−1)m+16ai. We have H 2 (H 0)cmZcm. By
the denition of Zcm, H contains an induced subgraph H1 2 Zcm. Thus, H16H6G,
i.e. G contains a forbidden induced subgraph H1 2 Zcm, a contradiction. The theorem
is now proved.
A graph is said to be supercompact if it has no duplicated vertices. Let G be the
set of minimal elements (with respect to the partial order 6) in fH : G6H and H is
a supercompact graphg.
Corollary 2 (Zverovich [4]). If P = FIS(Z); then P = FIS(Z); where Z is the set
of minimal graphs in
S
G2Z G
.
Corollary 3. If a hereditary class P of intersection graphs has a nite forbidden
subgraph characterization; then P and Pm have such a characterization for any
m>2.
Proof. Clearly, the sets Hm;Hc and H are nite for every graph H .
As an illustration we apply Theorem 1 and Corollary 2 to the class of line graphs
for which the FIS characterization is well known.
Theorem 4 (Beineke [1] and Robertson). The set of all line graphs is FIS(BR); where
BR is the set of graphs G1; G2; : : : ; G9 (Fig. 2).
Corollary 5 (announced in Tashkinov [3]). The set of all line graphs of multigraphs
with maximal edge multiplicities at most m is FIS(T ); where T is the set of graphs
H1; H2; : : : ; H16 (see Fig. 3).
Proof. Apply Theorem 1 to BR : T = BRcm. We briey descript the construction
of BRcm.
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Fig. 2. The set BR.
Fig. 3. The set T (solid edges between two sets mean all edges between these sets).
For a set of graphs Z , a graph G is called Z-free if G contains no any graph H 2 Z
as an induced subgraph.
The graphs G1=H1, G8=H2 and G9=H3 have no duplicated vertices. So Gcmi =fGig
for i = 1; 8; 9.
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Fig. 4.
The set of all fG1g-free graphs in Gc2 is fG2; H4; H5g. So we may reduce Gcm2 to
fGm2 = H8; Hm4 = H4; Hm5 = H5g.
The set of all fG1; G8g-free graphs in Gc4 is fG4g. So we may reduce Gcm4 to
fGm4 = H12g.
The set of all fG1; G8; G9g-free graphs in Gc7 is fG7g. So we may reduce Gcm7 to
fGm7 = H13g.
The set of all fG1; G2; G8; G9g-free graphs in Gc3 is fG3; H6; H7; F1; F2; F3g (see
Fig. 4). So we may reduce Gcm3 to fGm3 =H14; Hm6 =H6; Hm7 =H7; Fm1 =H9; Fm2 =H10;
Fm3 = H11g.
The set of all fG1; G2; G3; G4; G7; G8g-free graphs in Gc5 is fG5g. So we may reduce
Gcm5 to fGm5 = H15g.
The set of all fG1; G2; G3; G5g-free graphs in Gc6 is fG6g. So we may reduce Gcm6
to fGm6 = H16g.
Corollary 6 (Bermond and Meyer [2]). The set of all line graphs of multigraphs is
FIS(BM); where BM is the set of graphs H1; H2; : : : ; H7 (Fig. 3).
Proof. Apply Corollary 2 to BR :BM = BR.
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